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We develop a nonperturbative quantum eld formalism to desribe salar gauge-invariant metri
uturations in the early universe from a 5D apparent (Rii at) vauum.
I. INTRODUCTION AND FORMALISM
The theory of linearized gravitational perturbations is a very important issue of study in modern osmology[1, 2℄.
It is used to desribe the growth of struture in the universe, to alulate the predited mirowave bakground u-
tuations, and in many other onsiderations. The growth of gravitational perturbations in the universe is onsequene
of gravitational instability. Consequently the perturbation will inrease and will in turn produe a more attrative
fore. In an expanding universe this attration is ounterated by the expansion. This, in general, results in a power-
law growth of the perturbations[3℄. The linearized approximation of these perturbations are a very good desription
on osmologial sales, beause they are very small. However, to desribe (salar) gauge invariant metri utua-
tions on astrophysial sales, one should onsider a more general nonlinear (nonperturbative) study for salar metri
utuations.
In partiular, in this letter we shall onsider a 5D formalism developed on an apparent vauum. We shall onsider
that the extra dimension (whih is a spae like dimension) is nonompat. This are typial ideas of the Spae Time
Matter (STM) theory of gravity[4℄, developed by Wesson and o-workers[5, 6, 7℄. The STM theory of gravity is based
on an unrestrited 5D manifold, where the extra dimension and derivatives with respet to the extra oordinate are
used to explain the origin of 4D matter in terms of geometry. This goal was exposed by Einstein, who wished to
transpose the base-wood of the marble of the left-hand side. That is, he wished to nd an algebrai expression for
what is usually alled the energy-momentum tensor Tαβ, whih nowadays refer to as the Einstein tensor Gαβ (α and
β run from 0 to 3). In other words, in STM theory of gravity one assumes that the eetive 4D Einstein equations
Gαβ = −8πGTαβ are indued from geometry from a 5D apparent vauum spae on whih RAB = 0 (A and B run
from 0 to 4). In partiular, in this letter we shall develop a quantum eld formalism for salar gauge invariant metri
utuations, where the elds of the physial system desribe a nonommutative algebra.
A. Geometrial 5D apparent vauum
We onsider the 5D bakground Riemann at metri [8℄
dS2b = l
2dN2 − l2e2Ndr2 − dl2, (1)
whih is 3D spatially isotropi, homogeneous and Riemann at: RABCD = 0. The metri (1) is a speial ase of
the muh-studied lass of anonial metris dS2 = l2gµνdx
µdxν − dl2[9℄. Furthermore, N , x, y, z are dimensionless
oordinates and l, whih is not onsidered as ompat, has spatial units. The issue of salar gauge-invariant metri
utuations was reently studied in previous works[10℄, where these utuations were onsidered to be small. In these
works was used the perturbed metri dS2 = l2(1+ 2ψ)dN2− l2(1− 2ψ)e2Ndr2− (1− 2ψ)dl2, where ψ(N,~r, l) are the
gauge invariant (quantum) metri utuations, whih are onsidered to be very small. Hene, that formalism should
be, in priniple, only valid to desribe these utuations in the early universe, and on osmologial sales. With the
aim to extend the validity of suh theory to shorter sales, we shall propose an extended perturbed metri
dS2 = l2e2ψdN2 − l2e2(N−ψ)dr2 − e−2ψdl2. (2)
Notie that in absene of utuations (i.e., when ψ = 0), the metri (2) gives us the 5D Riemann at bakground
metri (1). We shall onsider that the metri (2) desribes an apparent 5D Rii at vauum state: RAB = 0.
∗
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2Furthermore, dr2 = dx2 + dy2 + dz2, and l is the nonompat extra dimension. To desribe the system we shall
onsider the ation
(5)I =
∫
d4x dψ
√∣∣∣∣ (5)g(5)g0
∣∣∣∣
(
(5)R
16πG
+
1
2
gABϕ,Aϕ,B
)
, (3)
where
(5)g is the determinant of the ovariant metri tensor gAB (A and B run from 0 to 4):
(5)g = l8e6(N−ψ) =
(l4e3(N−ψ))2. Furthermore, we shall onsider a null salar urvature of the perturbed metri (2): (5)R = 0
(5)R =
4e2(ψ−N)
l2
{
∇2ψ − (∇ψ)2 + e2N
[
e−4ψ
(
−2ψ,NN + 7(ψ,N)
2 − 9ψ,N + 3
)
+l2
(
ψ,ll − (ψ,l)
2
)
+ 3lψ,l − 3
]}
. (4)
The Lagrange equations give us the equation of motion for the elds ψ and ϕ(
∂(5)R
∂ψ
− 3 (5)R
)
−
[
3
∂(5)R
∂ψ,N
+
4
l
∂(5)R
∂ψ,l
+
∂
∂xA
(
∂(5)R
∂ψ,A
)]
= 4πG
[
5l−2e−2ψ(ϕ,N )
2 − l−2e2(ψ−N)(∇ϕ)2 − e2ψ(ϕ,l)
2
]
, (5)
ϕ,NN + (3− 5ψ,N)ϕ,N − e
4ψ−2N
(
∇2ϕ− ~∇ψ.~∇ϕ
)
− l2e4ψ
[
ϕ,ll +
(
4
l
− ψ,l
)
ϕ,l
]
= 0. (6)
B. Energy Momentum tensor on an apparent 5D vauum
The 5D Energy-Momentum tensor for a salar eld ϕ on the metri (2), is
TAB = ϕ,Aϕ,B −
1
2
gABϕ,Cϕ
,C , (7)
whih is null, beause we are onsidering an apparent vauum on the perturbed metri (2).The diagonal omponents
are
TNN =
1
2
(ϕ,N )
2 +
1
2
e4ψ−2N(∇ϕ)2 +
l2
2
e4ψ(ϕ,l)
2, (8)
Tll =
1
2
(ϕ,l)
2 +
l−2
2
e−4ψ(ϕ,N )
2 −
l−2
2
e−2N(∇ϕ)2, (9)
Txx = (ϕ,x)
2 +
1
2
e2Ne−4ψ(ϕ,N )
2 −
1
2
(∇ϕ)2 −
1
2
l2e2N (ϕ,l)
2, (10)
Tyy = (ϕ,y)
2 +
1
2
e2Ne−4ψ(ϕ,N )
2 −
1
2
(∇ϕ)2 −
1
2
l2e2N (ϕ,l)
2, (11)
Tzz = (ϕ,z)
2 +
1
2
e2Ne−4ψ(ϕ,N )
2 −
1
2
(∇ϕ)2 −
1
2
l2e2N(ϕ,l)
2. (12)
We an make the iddentiation Trr = Txx + Tyy + Tzz, and we obtain
Trr =
3
2
e2Ne−4ψ(ϕ,N )
2 −
1
2
(∇ϕ)2 −
3
2
l2e2N(ϕ,l)
2. (13)
C. Einstein equations on an apparent 5D vauum
The diagonal omponents (we onsider Grr = Gxx+Gyy+Gzz) are all null, beause, as well as TAB = 0, we require
that GAB = 0 in order to the vauum on the perturbed metri to be apparent. In other words, we are onsidering
that the system is in a true vauum (RABCD = 0) on the bakground metri (1), but in a apparent vauum (RAB = 0
and then GAB = 0) on the perturbed metri (2). Therefore
GNN = −3
{
e−2N+4ψ
[
∇2ψ − (∇ψ)2
]
− 3
∂ψ
∂N
+ 2
(
∂ψ
∂N
)2
+e4ψ
[
3l
∂ψ
∂l
+ l2
∂2ψ
∂l2
− l2
(
∂ψ
∂l
)2]
−
[
e4ψ − 1
]}
, (14)
3Grr = −3
{
e2N−4ψ
[
10
∂ψ
∂N
− 9
(
∂ψ
∂N
)2
+ 3
∂2ψ
∂N2
]
+ e2N
[
−l
∂ψ
∂l
− l2
∂2ψ
∂l2
+ l2
(
∂ψ
∂l
)2]
+
2
3
[
(∇ψ)2 −∇2ψ
]
+ 3e2N
[
1− e−4ψ
]}
, (15)
Gll = −
1
l2
{
e−2N
[
(∇ψ)2 −∇2ψ
]
+ e−4ψ
[
15
∂ψ
∂N
− 9
(
∂ψ
∂N
)2
+ 3
∂2ψ
∂N2
]
−6l
∂ψ
∂l
+ 6
[
1− e−4ψ
]}
. (16)
Sine we require that the Rii salar (4) to be null:
(5)R = 0, we obtain
[
e4ψ − 1
]
= −
1
3
{
2
∂2ψ
∂N2
+ 9
∂ψ
∂N
− 7
(
∂ψ
∂N
)2
+ e4ψ−2N
[
(∇ψ)2 −∇2ψ
]
+e4ψ
[
l2
(
∂ψ
∂l
)2
− 3l
∂ψ
∂l
− l2
∂2ψ
∂l2
]}
. (17)
Using the expression (17) in the Einstein tensor omponents, we obtain
GNN = −2
{
e4ψ−2N
[
∇2ψ − (∇ψ)2
]
−
1
2
(
∂ψ
∂N
)2
+
∂2ψ
∂l2
+e4ψ
[
3l
∂ψ
∂l
+ l2
∂2ψ
∂l2
− 2l2
(
∂ψ
∂l
)2]}
= 0, (18)
Grr = −3
{
e2N−4ψ
[
∂ψ
∂N
− 2
(
∂ψ
∂N
)2
+
∂2ψ
∂N2
]
−
1
3
[
(∇ψ)2 −∇2ψ
]
+e2N
[
−4l
∂ψ
∂l
− 2l2
∂2ψ
∂l2
+ 2l2
(
∂ψ
∂l
)2]}
= 0, (19)
Gll = −
1
l2
{
−2e−2N
[
(∇ψ)2 −∇2ψ
]
+ e−4ψ
[
−12
∂ψ
∂N
+ 12
(
∂ψ
∂N
)2
− 3
∂2ψ
∂N2
]
+3l
∂ψ
∂l
− 3l2
(
∂ψ
∂l
)2
− 3l2
∂2ψ
∂l2
}
= 0. (20)
These are the eetive 5D Einstein equations whih will be used to indue physis on an eetive 4D spaetime.
II. EFFECTIVE 4D DYNAMICS
Now we onsider the original 5D Riemann at bakground metri (1). We an make the transformation N = Ht
and l = l0, so that the eetive 4D metri for observers with veloities U
l = 0 will be
dS2b → ds
2
b = l
2
0H
2dt2 − l20e
2Htdr2, (21)
whih, one we take the foliation l0 = 1/H , holds
ds2b = dt
2 −H−2e2Htdr2. (22)
Here, t is the osmi time and ~r = |~r(x, y, z)| is dimensionless. The metri (22) desribes a bakground vauum
dominated de Sitter like expansion: pb = −ρb = −3H
2
, where pb is the bakground pressure and ρb is the bakground
energy density. Notie that the soure of the expansion is indued by the foliation on the fth oordinate: ρb = 3H
2 =
3/l20. Hene, we an introdue the eetive 4D perturbed metri of (22)
ds2 = e2ψdt2 −H−2e2(Ht−ψ)dr2, (23)
4where ψ ≡ ψ(t, ~r). The eetive 4D ation (4)I =
∫
d4x (4)L will be
(4)I =
∫
d4x
√∣∣∣∣ (4)g(4)g0
∣∣∣∣
(
(4)R
16πG
+
1
2
gµνϕ,µϕ,ν + V
)
, (24)
where
(4)L is the Lagrangian
(4)L =
√∣∣∣∣ (4)g(4)g0
∣∣∣∣
(
(4)R
16πG
+
1
2
gµνϕ,µϕ,ν + V
)
, (25)
V is the eetive 4D potential indued by the foliation l = 1/H
V = −
1
2
gll
(
∂ϕ
∂l
)2∣∣∣∣∣
N=Ht,l=l0=1/H
, (26)
and
(4)R is the eetive 4D Rii salar, related to the metri (23)
(4)R = 6
[
3
(
ψ˙
)2
− 5ψ˙H + 2H2 − ψ¨
]
e−2ψ. (27)
With the aim of developing the eetive 4D dynamis of the elds ϕ and ψ we shall write the eetive Einstein and
Lagrangian equations. The diagonal Einstein equations are
GNN |N=Ht,l=1/H = −8πG TNN |N=Ht,l=1/H :
e4ψ−2Ht
[
∇2ψ − (∇ψ)2
]
−
H2
2
(
∂ψ
∂N
)2
+
∂2ψ
∂l2
+ e4ψ
[
3
H
∂ψ
∂l
+
1
H2
∂2ψ
∂l2
−
2
H2
(
∂ψ
∂l
)2]∣∣∣∣∣
N=Ht,l=1/H
= 2πG
[
H2
(
∂ϕ
∂t
)2
+ e4ψ−2Ht(∇ϕ)2 +
1
H2
e4ψ
(
∂ϕ
∂l
)2]∣∣∣∣∣
N=Ht,l=1/H
, (28)
Grr|N=Ht,l=1/H = −8πG Trr|N=Ht,l=1/H :
e2Ht−4ψ
[
H
∂ψ
∂t
− 2H2
(
∂ψ
∂t
)2
+H2
∂2ψ
∂t2
]
−
1
3
[
(∇ψ)2 −∇2ψ
]
− e2Ht
[
4
H
∂ψ
∂l
+
2
H2
∂2ψ
∂l2
−
2
H2
(
∂ψ
∂l
)2]∣∣∣∣∣
N=Ht,l=1/H
= 4πG
{
H2e2Hte−4ψ
(
∂ψ
∂t
)2
−
1
3
(∇ϕ)2 −
1
H2
e2Ht
(
∂ϕ
∂l
)2}∣∣∣∣∣
N=Ht,l=1/H
, (29)
Gll|N=Ht,l=1/H = −8πG Tll|N=Ht,l=1/H :
e−4ψ
[
12H2
(
∂ψ
∂t
)2
− 12H
∂ψ
∂t
− 3H2
∂2ψ
∂t2
]
− 2e−2Ht
[
(∇ψ)2 −∇2ψ
]
+
3
H
∂ψ
∂l
−
3
H2
(
∂ψ
∂l
)2
−
3
H2
∂2ψ
∂l2
∣∣∣∣∣
N=Ht,l=1/H
= 4πG
{
1
H2
(
∂ϕ
∂l
)2
+H2e−4ψ
(
∂ϕ
∂t
)2
− e−2Ht(∇ϕ)2
}∣∣∣∣∣
N=Ht,l=1/H
, (30)
where TNN , Trr and Tll are given respetively by eqs. (8), (13) and (9). On the other hand, the eetive 4D Lagrange
equations beome from taking the equations (5) and (6) on the foliation l = 1/H and the transformation N = Ht(
∂(4)R
∂ψ
− 3 (4)R
)
−
[
3H
∂(4)R
∂ψ˙
+ 4H
∂(4)R
∂ψ,l
+
∂
∂xµ
(
∂(4)R
∂ψ,µ
)
+
∂
∂l
(
∂(4)R
∂ψ,l
)]∣∣∣∣
l=1/H
= 4πG
[
5e−2ψ(ϕ˙)2 −H2e2(ψ−Ht)(∇ϕ)2 − e2ψ(ϕ,l)
2
]∣∣∣
l=1/H
, (31)
ϕ¨+
(
3H − 5ψ˙
)
ϕ˙ − e4ψ−2Ht
(
∇2ϕ− ~∇ψ.~∇ϕ
)
−
e4ψ
H2
[ϕ,ll + (4H − ψ,l)ϕ,l]|l=1/H = 0. (32)
5Note that the term −5ψ˙ϕ˙ in the equation for ϕ (32), an be related with loal dissipation, whih appears in warm
and fresh inationary models[11, 12, 13℄. Of ourse, the dynamis of the eetive 4D system developed in this setion
is nonlinear, and thus unsolvable. A linear approah was studied in two reent papers[10℄.
Sine the eld ϕ(t, ~r) is quantum in origin, it should desribe the following algebra:
[ϕ(t, ~r),Πϕ(t, ~r
′)] = i gtt
√∣∣∣∣ (4)g(4)g0
∣∣∣∣ e− R [3H−5ψ˙]dt δ(3) (~r − ~r′) , (33)
where
(4)g =
(
1/H3e3Hte−2ψ
)2
is the determinant of the eetive 4D perturbed metri tensor gµν . Furthermore, the
momentum Πϕ is given by
Πϕ =
∂(4)L
∂ϕ˙
, (34)
where the eetive 4D Lagrangian is given by (25).
III. FINAL COMMENTS
In this letter we have proposed a nonperturbative formalism to gauge-invariant salar (quantum) metri u-
tuations, whih evolve in the early universe. In the model, the expansion of the universe is driven by a single
(quantum) salar eld. We have onsidered the system from a 5D perturbed Rii at metri, on whih we assume
an apparent vauum state. Hene, all 4D soures beome from the geometrial foliation on the 5D metri. Sine
the formalism here onsidered is nonpertubative, it is valid for strong utuations, whih ould be produed on very
small sub-Plankian sales. Of ourse, in the weak eld limit: e±2ψ ≃ 1±2ψ, and this formalism should be equivalent
to the one developed in[10℄, whih only is valid on osmologial (super Hubble) sales.
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